Abstract
In previous papers, [1] [2] [3] we have investigated the mechanism of spin gap formation in a class of two-dimensional generalized antiferromagnetic Heisenberg (AFH) models with dimerization. From this analysis, the origin of the spin gap in low-dimensional systems such as the spin-Peierls system, the ladder system and the Haldane system has been identified as the dimer gap in a unified way.
Recently, Taniguchi et al. found that the temperature dependence of the uniform magnetic susceptibility and the nuclear magnetic relaxation time T 1 of CaV 4 O 9 indicate the existence of the spin gap. [4] In this paper, we investigate the possible mechanism of the spin gap in CaV 4 O 9 .
The crystal structure of VO 5 pyramid layer in CaV 4 O 9 is shown in Fig. 1(a) . Since the valence of V atom is 4+, V atom can be treated as the localized spin with S = 1/2. In the case of copper oxide systems such as high-T c materials and Sr n−1 Cu n+1 O 2n , [5] Jahn-Teller distortion has not been estimated precisely. In any case, the antiferromagnetic exchange coupling is expected between the adjacent d ǫ orbitals on the nearest-neighbor V atoms. We also expect that the exchange coupling between the nearest neighbors is dominant due to the d ǫ character. Based on these facts, the S = 1/2 AFH model with the network shown in Fig. 1(b) is a good starting point to discuss the Mott insulating phase. The
Hamiltonian is written as
of the QMC simulation is based on the world-line method combined with the Suzuki-Trotter method [6] and the checker-board decomposition. [7, 8] We also calculate the temperature dependence of the uniform susceptibility for 2×2 cells, which is shown in Fig. 3 . The susceptibility in the thermodynamic limit should be close to this result, since the the spin gap for 2 × 2 cells is close to the value in the thermodynamic limit. As a reference, the susceptibility of the conventional square-lattice AFH model on 8 × 8 lattice is also shown in Fig. 3 , which may describe the thermodynamic properties within statistical errors. [9] This also shows the existence of the spin gap in our model.
Next we investigate the origin of the spin gap. The four-site plaquette is treated as the unperturbed Hamiltonian while the other bonds are taken as the perturbation. As is shown in Fig. 4 , the strength of the spin exchange couplings in the four-site plaquette is taken as J, while the strength of the others is J ′ . The ground state of the unperturbed
Hamiltonian is the product state of singlets on the four-site plaquettes, in other words, a resonating valence bond state in each plaquette. The first excited states consist of the triplet state on one of the plaquettes and the singlet on the others. The degeneracy is lifted by the first-order perturbation expansion (PE) through the hopping of the triplet due to the translational symmetry. Then the energy of the triplet state has a wave-number dependence.
We calculate the energy of the ground state and triplet states using the second-order PE.
Then the ground state energy per site ǫ 
When J ′ is equal to J, ǫ 
The perturbation breaks down and the spin gap closes at J/J ′ = 1 even in the first-order PE.
The above results imply that the origin of the spin gap is basically the four-site plaquette singlet state rather than the dimer singlet. The spin gap in CaV 4 O 9 has been estimated from the susceptibility as ∆ s ∼ 100K, [4] whereas the gap amplitude obtained from the QMC is ∆ s /J ∼ 0.11. Although at present we do not have available data for J in CaV 4 O 9 , one may argue that the calculated value of the spin gap appears to be smaller than the observed value because the exchange interaction in vanadium oxides is expected to be at most several hundred K. One possible origin of the gap enhancement is the frustration effect arising from the next-nearest-neighbor exchange coupling. It is also noted that the effect of the orbital degeneracy and the orbital correlation effect could be important for a quantitative estimation of the gap.
In order to investigate the mechanism of the spin gap in more detail from the viewpoint of the four-site plaquette singlet formation, we investigate the one-dimensional analog of this model. The lattice structure is shown in Fig. 6(a) . We calculate the spin gap by the exact diagonalization (ED) method. The size dependence of the spin gap is shown in Fig. 7 . After the extrapolation to the thermodynamic limit, we estimate the spin gap as ∆ s ∼ 0.60J, which is larger than the value of the spin gap in the ladder model. [10, 11] The fitting function is the same as the one in the previous analysis. In the second-order PE, the triplet state energy is obtained as
When J ′ is equal to J, the value of the spin gap is ∆ s = 0.658J at k = π, which is close to the estimation from the ED. These results in the one-dimensional model show that the four-site plaquette singlet is a good starting point for discussing the ground state in a class of lattices constructed from the four-site plaquettes connected by a small number of bonds.
This one-dimensional model may be not a toy model but a relevant model in some transition metal oxide compounds if a lattice structure such as that in Fig. 6(b) is realized.
In summary, we have studied the mechanism of the spin gap in CaV 4 O 9 . From the QMC as well as the PE, the origin of the spin gap formation is found to be the four-site plaquette singlets. 
